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Abstract 
We discuss the generalization f Kirkman's Schoolgirl Problem to the case where the number 
of schoolgirls is not a multiple of 3. It is required that all blocks be of size 3 except that there 
may be one block per round of size 2, or one of size 4. 
1. The original problem 
The problem of  the fifteen schoolgirls was originally posed by Kirkman in 1850 in 
the fol lowing terms: 
Fifteen young ladies in a school walk out three abreast for seven days in succes- 
sion; it is required to arrange them daily so that no two will walk twice abreast 
[5]. 
More generally one considers v schoolgirls. An obvious necessary condition is that 
3 should divide v. Moreover, i f  the girls are to walk for r successive days, each of 
them has 2r companions in the whole series, so v ~> 2r + 1. 
In K i rkman's  first example the numbers are chosen so that every girl has each of 
her classmates as a companion exactly once. Then we have equality, v = 2r + 1; v 
is odd, so v -  3 (mod6) .  A solution to this 'exact'  problem has come to be called a 
Kirkman Triple System. 
Definit ion 1. A Kirkman triple system is a way of  choosing 3-sets called blocks from 
a set of  v objects, and of  partit ioning the set of  blocks into subsets called rounds, so 
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that each object occurs exactly once per round and each object-pair occurs in exactly 
one triple in the system. 
In such a system there will be v/3 blocks in each round, and each object occurs 
in r = (v -  1)/2 rounds. The total number of blocks is therefore b = (v (v -  1))/6. 
So a Kirkman triple system is a balanced incomplete block design with parameters 
v, b, r, k = 3 and 2 = 1. The additional property that the block-set can be partitioned 
into rounds containing each object precisely once is called resolvability. 
Theorem 1 (Ray-Chaudhuri and Wilson [7]). A Kirkman triple system exists if and 
only i f  v = 3 (mod 6). 
What if the number of  students is even? Then the nearest one can come to the exact 
solution v = 2r + 1 is v = 2r. Each pair will occur exactly once, except that, given 
object x, there will exist an object x ~ such that xx t never occurs. Resolvable designs 
of  this kind were introduced in [6] and are called nearly Kirkman triple systems. The 
number of  rounds is 
r=~- l= 
Theorem 2 (Kotzig and Rosa [6], Baker and Wilson [1], Brouwer [4], and Rees and 
Stinson [8]). A nearly Kirkman triple system exists for v objects if and only if 6 
divides v and v >1 18. 
2. High school projects 
Late in 1994 the third author received a request for help. It read in part: 
A high school teacher wants to break his class into different groups of  three 
students each during the semester so that they may work on various small group 
projects. He wants to find the maximum number r of  groups possible without 
having any of  the students work together twice. 
So far this sounds very like the schoolgirl problem. But the writer also wanted to 
consider cases where the number of  students is not a multiple of  3: if it is congruent 
to 1 (mod3), exactly one project in each round gets four students; if it is congruent to 
2 (mod 3), exactly one group gets two students. 
Definition 2. A project design of order v and length r, or PD(v, r), is a way of 
choosing sets called blocks from a set of  v objects, and of partitioning the set of  
blocks into r subsets called rounds, so that: each object occurs exactly once per round; 
all blocks in each round are triples except at most one, and that one can contain 2 or 
4; and each object-pair occurs in at most one block in the design. 
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If we do not need to specify the number of  rounds we will drop the second parameter 
and write simply PD(v). We write r(v) for the largest value of r such that a PD(v,r)  
exists. Let b(v) be the number of object-pairs in a round of a PD(v). Then, clearly, 
r(v) <~ k[v(v - 1)/2]/b(v)J. We shall denote this theoretical maximum possible number 
of  rounds in a PD(v) by M(v). Then M(v) = [[v(v - 1)/2]/b(v)]. We believe that the 
following is true: 
Conjecture 1. There is a v0 so that for any v > v0 there exists a PD(v,r)  with 
r = m(v). 
The main purpose of this paper is to provide support for the conjecture. First we 
show that the conjecture is valid for all v ~- 0 ,2(mod3) .  The most complicated case is 
for v = 1 (mod3).  It seems to us that to constuct a PD(v,M(v)) for all v --= 1 (mod3),  
v > v0, is more difficult than to construct a Kirkman triple system KTS(v) for all 
v --= 3(mod6) .  In the paper we show that for infinitely many v = l (mod3)  there 
exists a PD(v,M(v)). In addition, in the general case, to provide a relatively large 
PD(v,r)  we give a construction with r = (v -  1)/3 for all values v-= 1 (mod3).  
2.1. v~O(mod3)  
It is easy to see that in this case b(v) = v, i.e. M(v) = k[v -  l]/2J. This value can 
be attained whenever a Kirkman triple system or a nearly Kirkman triple system exists. 
When v = 6 only one round is possible: if  the first round is 123 456 then there 
is no way to select even one further triple without two elements which have already 
met. 
No nearly Kirkman triple system of order 12 exists, so r(12)~<4. We can construct 
a set of 4 rounds as follows. Take an affine plane on 16 points. Select one line; delete 
all points on this line and all lines in its parallel class. The remaining blocks form the 
design, with the rounds corresponding to the original parallel classes. (see Fig. | )  So 
r(12) = 4. 
2.2. v =_ 2(rood3)  
In this case b(v)=v - 1, whence, 
If v is odd, v = 6t - 1 say, we have M(v) = (v -  1)/2 = 3t - 1, while if v is even 
(v=6t+2) ,M(v)=v/2=3t+l .  
Take a Kirkman triple system or nearly Kirkman triple system on v + 1 points, and 
delete one point. The maximum is attained. The only cases remaining are v = 5 or 11. 
As before, r = 1 is the maximum possible for v = 5. For v = 11 a complete search 
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1234 
5678 
9101112 
13141516 
5 913 171214 15 9 1712 
61014281113 26102811 
71115351016 37113510 
8121646 915 481246 9 
61116 181015 1611 1810 
5121527 916 251227 9 
8 914361213 38 93612 
71013451114 47104511 
Fig. 1. Construction f PD(12,4). 
proves that r = 5 is impossible, so r(v) = 4 is the maximum (attained by deleting 
one point from the v = 12 construction given previously). 
2.3. v---- 1 (mod3) 
In what follows v > 4. 
A routine calculation shows that M(v)  = (v - 3)/2 for v _-- 1 (mod6), and M(v)  = 
(v - 4)/2 for v --- 4 (mod 6). In addition, the number of  object-pairs not contained in any 
PD(v ,M(v) )  equals three when v = 1 (rood6), and equals v/2 +4 when v - 4(mod6).  
We now need to consider a PD(v ,M(v) )  in which the object-pairs not in the project 
have a certain form. This necessitates a definition. 
Definition 3. A project design P = PD(v, r) will be called canonical if r = M(v), and 
there is a set B of  the objects such that: 
if v --- 1 (mod 6), then IBr = 3 and no object-pair from B is in P, 
if v --= 4 (mod 6), then IBI = 4, no object-pair from B is in P, and for any object 
x not in B there is exactly one object y such that the object-pair xy  is not in P. 
In graph-theoretic terms, the edges which do not belong to a canonical project design 
form a triangle in the former case, and a complete graph on four vertices together with 
a matching covering the other vertices in the latter case. 
The following 'blowing up' theorem enables one to produce an infinite class of  
canonical PD(v ,M(v) )  providing one has a canonical project design to start with. 
Theorem 3. Let  PD(v) be a canonical project design, M(v)  ~ 2,6. Then, there exists 
a canonical project design PD(w) with w = 6kM(v) + v for  any k > O. 
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Thus, if P = PD(v) is a canonical design for v =-a (mod6),a = 1,4, then for 
all the designs U = PD(w) which are produced from P using Theorem 3 we have 
w = v(mod6).  
We need to use the idea of  a resolvable transversal design RTD(3,n). A TD(3, n) is 
a design whose treatments form three sets ( 'groups') of size n; the blocks are triples 
with one element from each group, and any two members of different groups occur to- 
gether in exactly one block. Resolvability is defined ase before.In graph-theoretic terms, 
such a design is called a K3-decomposition of K~ ..... (For a discussion of transversal 
designs, see [9]; for a graph-theoretic discussion, see [2]. It is clear that a RTD(3,n) 
exists if and only if there is a pair of orthogonal Latin squares of side n, i.e. n ¢ 2 
or 6. 
Proof. Suppose P --= PD(v) is a canonical project design. Consider a Kirkman triple 
system K on 6k+3 objects xo,xl . . . . .  x6k+2, Let Xi, i = 0 . . . . .  6k + 2 be a system of 
mutually disjoint sets such that jX0l = 3 for v - 1 (rood 6) (tX01 = 4 i fv ~_ 4 (mod 6)), 
and t8t = M(v),i -- 1, . . . ,6k + 2. Consider a project design P~ on the set of  objects 
X = UXi, i = 0 , . . . ,6k+2,  i.e. IX I = 6kM(v)+v, defined as follows. To each round R 
of K we assign M(v) rounds of U .  First, the block xo, xi,xj of R is replaced by a project 
design D which is isomorphic to P such that the object-pairs from X0 do not belong 
to D. Then the other blocks of  K are replaced by a RTD(3,M(v)). (Such a design 
exists because M(v) ¢ 2 or 6.) All the designs, D and the 2k designs RTD(3,M(v)), 
have M(v) rounds. To form M(v) rounds of  our project design Pt corresponding to a 
fixed round R of  K we first label the M(v) rounds of D and the M(v) rounds of all 
the 2k designs RDT(3,M(v)) with the numbers 1, 2 . . . . .  M(v). Then the M(t') rounds 
of U are obtained by taking unions of  the i-th round of D and the i-th rounds of 
the RTD(3,M(v)) 's,  i = 1 . . . . .  M(v). It is easy to check that this construction gives 
a canonical project design. All members of X occur in each round exactly once. In 
any round all blocks are of  size three except for one block of size four (coming 
from the project design P). No object-pair from X0 is in U.  If Yi)~j is an object-pair, 
yi C Xi, yj E Xj, i ~ j, then the object-pair occurs at most once in P'  as the object-pair 
xixj occurs in exactly one round of K . For i = j ~ O, YiYj is in the project design D 
isomorphic to P obtained by 'blowing up' the block xo,xi,xl of K. When v ~ 4 (mod 6) 
to each yi E X/, i :~ 0, there is exactly one object yj so that the object-pair is not in 
D and thus is not in Pq The proof is complete. 
Now we present two canonical project designs which, in view of the previous 
Theorem, will allow us to produce an infinite class of canonical project designs for 
both v --= 1 (mod6) and v ~ 4(mod6).  
Theorem 4. There exist canonical project desiyns PD(v) for v = 22 and v = 25. 
Proof. We construct a canonical project design P = PD(22) based on X U Y U B, 
where X = {x0 .... ,xs}, Y = {Y0,-..,Y8}, B = {bl . . . . .  b4}. Its 9 rounds R0 . . . . .  Rs are 
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given by 
Ri ---- {x2+ix6+iY5+iY7+i;XiXl+iX3+i; YiYl+iY4+i; 
x4+iY6+ibl ; x5+iY3+ib2 ; x7+iY2+ib3 ; x8+iY8+ib4 }, 
where indices are read modulo 9. It is easy to check that each object ofXUYUB occurs 
exactly once in all rounds, the object- pairs bibj, 1 ~<i < j~<4 and xiY6+i, i = 0 . . . .  ,8 
do not occur in P, and all the other object-pairs are in P exactly once. 
Similarly we construct a canonical project design PD(25) based on X U Y U B, where 
X = {Xo . . . . .  xlo}, Y = {Yo . . . .  , Y I0}  and B : {bl,b2,b3}. The design consists of  11 
rounds, R0 . . . . .  Rio: 
R i : {x3+ix7+iY5+iY6+i,xix8+ixlo+i; YiYz+iY8+i;xz+iY3+iY7+i; 
x4+ix9+iY4+i,Xl+iY9+ibl;X5+iYl+ib2,x6+iYlo+ib3}. 
All the indices should be read modulo 11. It is again easy to see that this is a canonical 
PD(25), with B playing its appointed special r61e. [] 
Combining Theorem 3 and 4 we get 
Corollary 1. There & a canonical project design PD(v) with v = 25 + 66k and v = 
22 + 54k for  any k > O. 
3. Pivotal project designs for o ---- 1 (mod 3) 
In this section we give a construction of a PD(v,r) for all values of  v -- 1 (mod3) 
with relatively large r. We start with small values of v. The known results are as 
follows: 
r(7)~<2 
r(10)~<3 
r(13)~<5 
r(16)~<6. 
(in fact r (7 )= 1), 
(in fact r(10) = 1), 
(in fact r (13)= 4), 
Moreover, by a complete search we have found that there is no canonical PD(19). 
The values of  r(v) for v = 7, 10, 13 given above were computed by hand. The case 
of  v ---- 13 is particularly interesting. Not only was r = 5 shown to be impossible, but 
the solution with r = 4 is unique and has a very special form, which we shall call 
pivotal. There is one particular object (the pivot) which is in the 4-block in each round. 
We shall prove that there is a pivotal PD(v , (v -  1)/3) for every v----- 1 (mod3),v~< 13. 
(The smaller cases are impossible, with the trivial exception of  v = 4.) 
We use some special Latin squares. A transversal square is a Latin square with 
leading diagonal (1 2 3 . . .  n -  1 n). One can discuss orthogonal transversal squares. 
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1 9 0 5 8 3 6 4 2 7  1 3 6 9 7 4 2 0 8 5  
3 2 10  6 94  7 5 8 9 2 4 7 1 8 5 3 0 6 
6 4 3 2 0 7 1 5 8 9  0 1 3 5 8 2 9 6 4 7  
9 7 5 4 3 0 8 2 6 1  5 0 2 4 6 9 3 1 7 8  
7 1 8 6 5 4 0 9 3 2  8 6 0 3 5 7 1 4 2 9  
4 8 2 9 7 6 5 0 1 3  3 9 7 0 4 6 8 2 5 1  
2 5 9 3 1 8 7 6 0 4  6 4 1 8 0 5 7 9 3 2  
0 3 6 1 4 2 9 8 7 5  4 7 5 2 9 0 6 8 1 3  
8 0 4 7 2 5 3 1 9 6  2 5 8 6 3 1 0 7 9 4  
5 6 7 8 9 1 2 3 4 0  7 8 9 1 2 3 4 5 6 0  
Fig. 2. O~hogonal transversal squares of side 10. 
oc12c 34d 56e 78f 90g abh 
oo9ad 57c 10h 2bg 38e 46f 
oc7be 28h 49c 60d laf 35g 
oo50f 16g 8bd 3ac 47h 29e 
oc48g 0ae 23f 59h 6bc 17d 
oc36h 9bf 7ag 14e 25d 80c 
Fig. 3. A pivotal PD(19,6). 
Suppose A, B and C are mutually orthogonal Latin squares (A ±B, B Z C and A 2_ C). 
There will be a row permutation q5 which converts C into a Latin square with all its 
leading diagonal entries 1. The squares AqS, B4~ and Cq5 will of course be orthogonal, 
so both Aq5 and B~b will have leading diagonal elements {1,2, 3 . . . . .  n} (in some order). 
So there will be permutations 0 and ~ of the symbols uch that A~b0 and B~. each have 
leading diagonal (123. . .  n -  1 n). Therefore the existence of three mutually orthogonal 
Latin squares of side n implies the existence of a pair of orthogonal transversal squares 
of side n. This means such a pair exists for all n except possibly 2, 3, 6 or 10. For 
sides 2, 3 and 6 there is no pair of orthogonal transversal squares; there is a pair of 
side 10 (see Fig. 2). 
Theorem 5. I f  v ==_ 1 (mod3),v>j l3,  then there is a pivotal PD(v,(v - 1)/3). 
Proofi If v = 19, a solution is shown in Fig. 3. (It was constructed by modify- 
ing a design in [3].) Otherwise, let A, B be orthogonal transversal squares of order 
n -- (v -  1)/3, A and B each have main diagonal (1,2 . . . . .  n). Then we construct a 
PD(v , (v -  1)/3) as follows: round i consists of the quadruple 
{oc i (n + aii ) (2n + bii)} 
and the n -  1 triples 
{ j  (n + aij) (2n + bij)} : j = l ,2 . . . . .  n, j  T~ i. [] 
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